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We study the dynamics of entanglement in the one-dimensional spin-1/2XY model in the presence
of a transverse magnetic field. A pair of spins are considered as an open quantum system, while the
rest of the chain plays the role of the environment. Our study focuses on the pair of spins in the
system, the edge spins, and the environment. It is observed that the entanglement between the pair
of spins in the system decreases and it can transfer to the rest of the spins. For a value of anisotropy
leading to the Ising model, the entanglement is completely back to the system by passing time. On
the other hand, the entanglement can only be seen under certain conditions between edge spins of
the system and the environment. The pair of spins on the edge will be entangled very quickly and
it will disappear after a very short time. A pair of spins far from the system was chosen to examine
the behavior of entanglement in the environment. As expected, the transmission of entanglement
from the system to the environment takes notable time.
PACS numbers: 03.67.Bg; 03.67.Hk; 75.10.Pq
I. INTRODUCTION
The coupling of the system to a noisy environment1
often disturbs the experimental investigation and the
control of characteristic quantum properties of physical
systems2. Some quantum resources3’4, such as the quan-
tum entanglement5, the quantum correlation6’7, and the
quantum coherence8’9 happen because of noisy environ-
ment. They are entirely delicate in the presence of envi-
ronment so that can be destroyed or generated10.
The approach of studying the dynamics of an open sys-
tem can be thoroughly different depending on the specific
system being examined; in the case of intricate discus-
sion on important properties such as Markovian dynam-
ics have involved many experimental scientists11. Along
the same line, some quantum properties of open systems
are irreversible losses. Surprisingly, the most fascinat-
ing characteristic of entanglement is to revive by time
evolution12–14.
Many open systems exhibit memory effect to revive
entanglement. Creating an excitation in a localized en-
tangled state, the evolution of entanglement generated by
dynamics of system is investigated15. The flow of entan-
glement between two cavities interacting with reservoirs
is explored and found that as the entanglement of the
system is suddenly decreased, it is suddenly and neces-
sarily increased in reservoirs16. It has been shown that
through decoherence process induced by a local inter-
action Hamiltonian, initial correlations in a composite
environment can lead to a nonlocal open system dynam-
ics exhibiting strong memory effects although the local
dynamics is Markovian17.
While most works focus on dynamics of entanglement
in systems18–21, it is also interesting to consider its behav-
ior in the junction point of system-environment. Firstly
studied by Ratner and Aviram in 1974 molecular junction
has attracted a lot of attention in the last two decades22.
Transporting electron through junction which is used to
construct simple electron device has unceasingly devel-
FIG. 1: The symbolic diagram of a two-spin system and its
environment.
oped in both theoretical and experimental perspective23.
However, most studies have explored transporting elec-
tron through metal-molecule-metal junction24–26, there
is an investigation on one dimensional nano-material
with two metal-molecule interfaces called single molec-
ular junction27.
Recently, the dynamics of an open quantum system
containing a pair of nearest neighbor spins coupled to a
spin-1/2 XX chain environment is studied18. It is found
that the dynamical phase transition from the Markovian
to the non-Markovian regime occurs by increasing the
three-spin interaction. Here, we consider the spin-1/2
anisotropic XY model in the presence of a transverse
magnetic field. Selecting the nearest neighbor pair spins
as an open quantum system, the rest of the anisotropic
chain plays the role of the environment. We consider a
special initial state where the nearest neighbor pair spins
of the system are completely entangled, while no quan-
tum correlations exist between other pair spins. First,
using the analytical fermionization technique, the Hamil-
tonian is diagonalized. Then the time dependent quan-
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2tum state is obtained explicitly. Using the time depen-
dent quantum state, the entanglement between every ar-
bitrary nearest neighbor pair spins of the chain model is
calculated as a function of the anisotropy, transverse field
and the time. We study the propagation of the entangle-
ment from the system into the environment. Specially,
we focus on the nearest neighbor pair spins on edges of
the system and the environment (please see Fig. 1). De-
pends on the anisotropy parameter, we report various
behaviors of the entanglement between arbitrary nearest
neighbor pair spins.
The paper is organized as follows. In the next section,
we introduce the anisotropic spin-1/2 XY model and find
an analytical form for the entanglement and the time
dependent quantum state of the system. In Sec. III,
analytical results are presented. Finally, we summarize
our results in Sec. IV.
II. THE MODEL
The Hamiltonian of an anisotropic spin-1/2 chain in
the presence of a magnetic field is written as15
H = −J
N∑
n=1
[(1 + γ)SxnS
x
n+1 + (1− γ)SynSyn+1]
− h
N∑
n=1
Szn , (1)
where Sn is the spin-1/2 operator on the n-th site, J de-
notes the exchange coupling constant, h is the applied
magnetic field, and γ is the anisotropic parameter. Spe-
cial values of γ show various models. γ = 0 and γ = 1
represent isotropic XX and Ising model respectively. In
the region 0 < γ < 1, the exchange interaction along the
x and y-direction will be ferromagnetic while in the range
γ > 1, we have ferromagnetic exchange interaction along
the x-direction and antiferromagnetic exchange interac-
tion along the y-direction.
The chain is considered in the thermodynamic limit with
periodic boundary condition. One should note that
the model has U(1) symmetry at γ = 0. In contrast,
applying γ the symmetry breaking is observed. We
briefly indicate steps of diagonalization of the model.
the one-dimensional spin-1/2 XY chain reduces to the
one dimensional spinless fermions under Jordan-Wigner
transformations28
S+n = a
†
n exp(ipi
∑
l<n
a†l al) ,
S−n = an exp(−ipi
∑
l<n
a†l al) ,
Szn = a
†
nan −
1
2
. (2)
The Hamiltonian obtained as
Hf = −J
2
∑
n
(a†nan+1 + a
†
n+1an
+ γ(a†na
†
n+1 − anan+1))− h
∑
n
a†nan . (3)
Applying a Fourier transformation as
a†n =
1√
N
N∑
j=1
eikna†k, (4)
and Bogoliubov transformation29
β†k = cos(k)a
†
k − isin(k)a−k, (5)
the Hamiltonian will be diagonalized as
Hf =
∑
k
ε(k)(β†kβk −
1
2
), (6)
where the energy spectrum is
ε(k) =
√
a(k)2 + 4b(k)2,
a(k) = −J cos(k)− h,
b(k) =
Jγ
2
sin(k). (7)
In the following, we pay particular attention to the
spreading of the pairwise entanglement by the effect of γ
and h. To reach this purpose, the initial state is consid-
ered such that two spins on sites m and m′ are maximally
entangled and the rest are disentangled at t = 0.
|ψ(t = 0)〉 = 1√
2
(a†m|0〉+ eiφa†m′ |0〉)
=
1√
2N
∑
k
(eikm + ei(km
′+φ))a†k|0〉 , (8)
where |0〉 is the vacuum state of the original fermions,
i.e. ak|0〉 = 0 and φ is the phase factor. It is useful to
note that although ak|0〉 = 0, but βk|0〉 6= 0. The relation
between the vacuum state of the original fermions and the
vacuum state of the Bogoliubov operators can be shown
as30
|0〉 =
∏
k
(cos(k) + i sin(k)β†kβ
†
−k)|Ω〉, (9)
where |Ω〉 is the vacuum of the Bogoliubov operators.
The challenging calculation happens here which ex-
plained with details in the index. Then, applying the
time evolution operator as
U(t) = e−it
∑
k ε(k)(β
†
kβk− 12 )/~, (10)
the time-dependent physical state of the system is ob-
tained (~ = 1 is considered)
|ψ(t)〉 = 1√
2N
∑
k
e−it
∑
k ε(k)(β
†
kβk− 12 )(eikm
+ ei(km
′+φ))a†k|0〉 . (11)
3Our interest is calculation of the entanglement between
two sites which is measured by the concurrence. The con-
currence between two spins at sites m and m′ is obtained
by
C(ρmm′) = max{0, λ1 − λ2 − λ3 − λ4}, (12)
where ρmm′ is the reduced density matrix related to any
(m,m′) pair of spins in the chain system, λis are square
roots of the eigenvalues of the product matrix R =
√
ρρ˜
that ρ˜mm′ = (σ
y
m ⊗ σ′ym) ρ∗mm′ (σym ⊗ σ′ym) and σx,y,z are
Pauli matrices. The corresponding reduced density ma-
trix ρm,m′ , is written as
31,32
ρm,m′ =

〈P ↑mP ↑m′〉 〈P ↑mS−m′〉 〈S−mP ↑m′〉 〈S−mS−m′〉
〈P ↑mS+m′〉 〈P ↑mP ↓m′〉 〈S−mS+m′〉 〈S−mP ↓m′〉
〈S+mP ↑m′〉 〈S+mS−m′〉 〈P ↓mP ↑m′〉 < P ↓mS−m′〉
〈S+mS+m′〉 〈S+mP ↓m′〉 〈P ↓mS+m′〉 〈P ↓mP ↓m′〉
 ,
where P ↑ = 12 +S
z, P ↓ = 12−Sz and S± = Sx±iSy. Ap-
plying Jordan-Wigner transformation, the reduced den-
sity matrix will be rewritten as33
ρm,m′ =

X+mm′ 0 0 f
∗
m,m′
0 Y +mm′ Z
∗
mm′ 0
0 Zmm′ Y
−
mm′ 0
fm,m′ 0 0 X
−
mm′
 . (13)
While X+mm′ = 〈nmnm′〉, X−mm′ = 〈1 − nm − nm′ +
nmnm′〉, Y +mm′ = 〈nm(1− nm′)〉, Y −mm′ = 〈nm′(1− nm)〉
and Zmm′ = 〈a†mam′〉, these phrases can be simplified as
X+mm′ = 〈a†mam〉〈a†m′am′〉+ 〈a†mam′〉〈ama†m′〉,
X−mm′ = X
+
mm′ − 〈a†m′am′〉 − 〈a†mam〉+ 1,
Y +mm′ = X
+
mm′ − 〈a†mam〉,
Y −mm′ = X
+
mm′ − 〈a†m′am′〉
fm,m′ = 〈a†m(1− 2a†m+1am+1)
· · · (1− 2a†m′−1am′−1)a†m′〉. (14)
In the mentioned relations, nm = a
†
mam is in principle the
occupation number operator. Finally, the concurrence
between two spins is given by
Cm,m′ = max{0,Λ1,Λ2},
Λ1 = 2(|Zmm′ | −
√
X+mm′X
−
mm′),
Λ2 = 2(|fmm′ | −
√
Y +mm′Y
−
mm′). (15)
III. RESULTS
In this section, we present our results about the effect
of the transverse magnetic field on the behavior of the
entanglement. To achieve this purpose, the study of
t
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FIG. 2: Concurrence between pair spins of the system
(Cm,m+1) as a function of time and magnetic field (a) γ = 0,
(b) γ = 0.5, (c) γ = 1, and (d) γ = 2. (e) The correlation
amplitude as a function of time for the Ising model in the
absence of the transverse field.
different parts of the chain is required: the behavior
of the entanglement between the pair of spins in the
system (m, m + 1), the edge (m + 1, m + 2) and a
pair spins of the environment (m + 5, m + 6). Fig. 1
shows the symbolic shape of the two-spin system and
its environment. On the other hand, it was stated that
specific values of γ show different models so that cover
all the following models. We consider four values of γ
as:
(a) Symmetric XY model, γ = 0,
(b) Asymmetric ferromagnetic-ferromagnetic (FM-FM)
XY model, 0 < γ < 1,
(c) Ising model, γ = 1,
(d) Asymmetric ferromagnetic-antiferromagnetic (FM-
AFM) XY model, γ > 1.
In Fig. 2, entanglement of the system (m, m + 1) has
been studied as a function of time and the magnetic field.
In Fig. 2 (a), in the symmetric XY model (γ = 0), the
amount of entanglement decreases by passing time and
applying the magnetic field does not affect on this be-
havior. By applying γ (Fig. 2 (b)) and for the asymmet-
ric FM-FM XY model, in the absence of the magnetic
field, entanglement decreases instantly and increases af-
ter a short time. At the special value of γ = 1, where
4FIG. 3: Concurrence between pair spins on edge (Cm+1,m+2)
as a function of time and magnetic field (a) γ = 0, (b) γ = 0.5,
(c) γ = 1, and (d) γ = 2.
the model is known as the Ising, the entanglement com-
ing back completely and this behavior occurs alternately
(Fig. 2 (c)) in the absence of the transverse field. In
Fig. 2 (e), we have plotted the overlap between the time-
evolved state |ψ(t)〉 of the pure Ising model (h = 0, γ = 1)
and the initial state |ψ(0)〉 as a function of time. As is
seen, in certain times the time-evolved state will be ex-
actly the same with the initial state. For this reason,
the concurrence of the spins in the system appears pe-
riodically for the pure Ising model as is clearly seen in
Fig. 2 (c). In fact, when the entanglement in the system
decreases, it will propagate from the pair of spins in the
system to the remaining spins in the chain and when the
entanglement in the system increases again, the return of
entanglement from the spins in the environment to the
system will be observed. We increased the value of γ,
at γ = 2 where the model is known as FM-AFM XY ,
the return of entanglement decreases (Fig. 2 (d)). It is
noteworthy that, as predicted, with the increase of the
magnetic field, for all values of γ, Cm,m+1 will be zero.
So far, entanglement has been investigated between the
pair spins of the system.
Now, we want to know what the behavior of entan-
glement will be on the edge spins (m + 1, m + 2). At
the edge, one spin is in the system and another one is
in the environment. In fact, the edge is the connection
between the system and the environment. It was inter-
esting to us whether there was a difference between the
behavior of the entanglement at the edge and the rest of
the pair of spins in the chain. In Fig. 3, entanglement
for edge spins has been perused as a function of time and
the transverse magnetic field . It is clear from the ini-
tial state, there is no entanglement between the pair of
spins in the edge at t = 0. At γ = 0 where the model
is the symmetric XY , the entanglement on the edge in-
creases by passing time and shows a peak at short time
(Fig. 3 (a)). By more increasing time and as t −→ ∞
the entanglement behaves asymptotically independent of
the value of the transverse field. In the case of asymmet-
FIG. 4: Concurrence between a pair spins in the environment
(Cm+5,m+6) as a function of time and magnetic field (a) γ = 0,
(b) γ = 0.5, (c) γ = 1, and (d) γ = 2.
ric FM-FM XY model, a small amount entanglement is
generated between spins on the edge for the values of the
transverse magnetic fields h < hc = 1.0 (where hc = 1
is the critical point of the quantum phase transition in
this model) is seen in a short time (Fig. 3 (b)). But
in the region h > hc = 1.0, the amount of the short-
time induced entanglement increases by increasing the
transverse magnetic field. Interesting results are seen in
Fig. 3 (c) when we considered Ising model, γ = 1. In the
region h < hc = 1.0, no entanglement is created between
spins on the edge. As soon as the transverse magnetic
field increases from hc = 1.0, a peak is appeared in a
short time. Finally, in the case of asymmetric FM-AFM
XY model (Fig. 3 (d)), only edge spins will be entangled
for enough large transverse magnetic fields after a very
short time.
Heretofore, the behavior of entanglement in the sys-
tem and the edge was studied and the differences be-
tween them were observed. Now, we are going to study
the behavior of entanglement between a pair spins of the
environment. To do this, a pair of spins were selected as
the sample (m + 5, m + 6). In Fig. 4, entanglement in
the environment has been studied as a function of time
and the transverse magnetic field. At γ = 0 where the
model is known as the symmetric XY model, entangle-
ment between the mentioned pair of spins will be created
by passing a considerable time (Fig. 4 (a)). Transverse
magnetic field has no effect in this case. As time passes,
a peak is observed and after a while, the entanglement
decreases, but it does not disappear completely. For the
asymmetric FM-FM XY model (Fig. 4 (b)), only in the
region h > hc = 1.0 the mentioned pair of spins in the
environment will be entangled after a considerable time.
At γ = 1, the different behavior is seen for the Ising
model (Fig. 4 (c)). When the transverse field is close to
the critical hc = 1, in a short period pair of spins in the
environment will be entangled. In addition in the region
h > hc and for enough large fields, again in a short period
the entanglement is seen between mentioned pair spins
5of the environment. Finally, in the case of asymmetric
FM-AFM XY model, in the region h > hc = 1.0 the
velocity of the propagation of the entanglement into the
environment is very high and sooner than other cases the
mentioned pair of spins will be entangled (Fig. 4 (d)).
IV. CONCLUSION
In this paper, we have studied the dynamics of entan-
glement of an anisotropic spin-1/2 XY chain model in the
presence of a transverse magnetic field. The behavior of
entanglement in the system, edge, and environment has
been investigated. To achieve this purpose, we selected
a pair of spins in the system (m, m+1), the edge (m+1,
m+2), and the environment (m+5, m+6). The physical
state of the chain is defined so that the pair of spins in
the system are entangled at t = 0, while the rest of the
pair of spins are not entangled.
In the following, four values of γ are selected such that
each of them shows one model. Our observations have
shown that in the symmetric XY Heisenberg model, the
entanglement between the pair of spins in the system de-
creases exponentially and it can transfer to the rest of
the spins. At γ = 1, which shows the Ising model, the
entanglement comes back to the system. On the other
hand, it is our interest to examine the behavior of en-
tanglement at the edge. The pair of spins on the edge
will become entangled immediately and it will be dis-
appeared in a short time. In the next step, a pair of
spins was chosen to study the behavior of entanglement
in the environment. We can see that these spins will be
entangled after a notable time which is expected since
the selected pair of spins is far from the system and the
transmission of entanglement from the system to the en-
vironment takes time. It’s very important to be aware
that the entanglement can only be seen under certain
conditions on the edge and the environment.
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VI. APPENDIX
Here we want to express one part of our calculations.
We calculate 〈a†m(t)am(t)〉 as an example.
〈a†m(t)am(t)〉 = 〈ψ0|eiHta†me−iHteiHtame−iHt|ψ0〉 =
1√
N
∑
k
ei(k1−k2)m〈ψ0|eiHta†k1e−iHteiHtak2e−iHt|ψ0〉.
(16)
Using the Bogoliubov operators, Eq. (16) can be written
as follows
〈 a†m(t)am(t)〉 =
1√
N
∑
k
ei(k1−k2)m
〈 ψ0|(cos(k1)eitε(k1)β†k1
+ isin(k1)e
−itε(−k1)β−k1)
( cos(k2)e
−itε(k2)β†k2
− isin(k2)eitε(−k2)β†−k2)|ψ0〉.
(17)
Finally, the above relation is simplified as
〈a†m(t)am(t)〉 =
1
2N2
∑
k,k′
(1 + ei(k+φ) + e−i(k
′+φ))
+ ei(k−k
′))
( e−it(ε(k)−ε(k
′))cos2(k)cos2(k′)
+ eit(ε(k)+ε(k
′))sin2(k)cos2(k′)
+ e−it(ε(k)+ε(k
′))sin2(k′)cos2(k)
+ eit(ε(k)−ε(k
′))sin2(k)sin2(k′)
+
1
4
sin(2k)sin(2k′)(−eit(ε(k)−ε(k′))
+ eit(ε(k)+ε(k
′))
+ e−it(ε(k)+ε(k
′)) − e−it(ε(k)−ε(k′))))
+
1
4N2
∑
k,k′
(sin2(2k′)(1 + cos(k + φ))
( 2− e2it(ε(k′) − e−2it(ε(k′)). (18)
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